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Dimer models are introdued by string theorists (see e.g. [6, 7, 8, 11, 12, 13℄) to
study supersymmetri quiver gauge theories in four dimensions. A dimer model is a
biolored graph on a 2-torus whih enode the information of a quiver with relations. If
a dimer model is non-degenerate, then the moduli spaeM

of stable representations of
the quiver with dimension vetor (1; : : : ; 1) with respet to a generi stability parameter






be the tautologial bundle on the moduli spae M

and
(1.1)  : C   ! End(V)
be the universal morphism from the path algebra C   of the quiver with relations asso-
iated with a dimer model. This map is not an isomorphism in general, and it is easy
to see that the injetivity of this map is equivalent to the rst onsisteny ondition of
Mozgovoy and Reineke [19℄. The path algebra C   is a Calabi-Yau algebra of dimen-
sion three in the sense of Ginzburg [9℄ if the dimer model satises the rst onsisteny
ondition [19, 4, 3℄. This in turn implies [2, 20℄ that  is an isomorphism, the funtor







is an equivalene of triangulated ategories, and C   is a non-ommutative repant res-
olution of a Gorenstein aÆne tori 3-fold.
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2 Akira Ishii and Kazushi Ueda
The rst onsisteny ondition is an algebrai ondition, whih is not easy to hek
in examples. In this paper, we show that a more tratable ondition, given in Def-
inition 3.5, is equivalent to the rst onsisteny ondition under the non-degeneray
assumption:
Theorem 1.1. For a non-degenerate dimer model,
 the rst onsisteny ondition,
 the onsisteny ondition in Denition 3.5, and
 the properly-orderedness in the sense of Gulotta [10℄
are equivalent.
It is known that the onsisteny ondition in Denition 3.5 implies the non-degeneray
[14, Proposition 6.2℄. Together with a work of Kenyon and Shlenker [16, Theorem 5.1℄,
Theorem 1.1 implies a result of Broomhead [3℄ that an isoradial dimer model satises
the rst onsisteny ondition. Here we note that isoradiality is a strong ondition, and
a large number of otherwise well-behaved dimer models fall out of this lass.
We reall basi denitions on dimer models in Setion 2. The ontent of Setion
3 has bubbled o from [14, Setion 5℄, and the rest of [14℄ will appear in a separate
paper. In Setion 4, we show that a dimer model satises the onsisteny ondition in
Denition 3.5 if and only if it is properly-ordered in the sense of Gulotta [10℄. Relations
between onsisteny onditions on dimer models are also disussed by Boklandt [1,
Setion 8℄.
Aknowledgment: We thank Alastair Craw, Nathan Broomhead, Ben Davi-
son, Domini Joye, Alastair King, Diane Malagan, Balazs Szendroi, Yukinobu Toda,
Mihael Wemyss and Masahito Yamazaki for valuable disussions. We also thank the
anonymous referee for arefully reading the manusript and suggesting a number of
improvements.
x 2. Dimer models and quivers




be a real two-torus equipped with an orientation. A biolored graph
on T onsists of
 a nite set B  T of blak nodes,
 a nite set W  T of white nodes, and
 a nite set E of edges, onsisting of embedded losed intervals e on T suh that one
boundary of e belongs to B and the other boundary belongs to W . We assume that
two edges interset only at the boundaries.
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A fae of a graph is a onneted omponent of T n [
e2E
e. A biolored graph G on T is
alled a dimer model if every fae is simply-onneted.
A quiver onsists of
 a set V of verties,
 a set A of arrows, and
 two maps s; t : A! V from A to V .
For an arrow a 2 A, s(a) and t(a) are said to be the soure and the target of a re-











) for i = 1; : : : ; n   1. We also allow for a path of length zero, starting
and ending at the same vertex. The path algebra CQ of a quiver Q = (V;A; s; t) is the
algebra spanned by the set of paths as a vetor spae, and the multipliation is dened
by the onatenation of paths;
(b
m
























A quiver with relations is a pair of a quiver and a two-sided ideal I of its path algebra.
For a quiver   = (Q; I) with relations, its path algebra C   is dened as the quotient
algebra CQ=I. Two paths a and b are said to be equivalent if they give the same element
in C  .
A dimer model (B;W;E) enodes the information of a quiver   = (V;A; s; t; I) with
relations in the following way: The set V of verties is the set of onneted omponents
of the omplement T n (
S
e2E
e); and the set A of arrows is the set E of edges of the
graph. The diretions of the arrows are determined by the olors of the nodes of the
graph, so that the white node w 2 W is on the right of the arrow. In other words,
the quiver is the dual graph of the dimer model equipped with an orientation given by
rotating the white-to-blak ow on the edges of the dimer model by minus 90 degrees.
The relations of the quiver are desribed as follows: For an arrow a 2 A, there




(a) from t(a) to s(a), the former going around the white
node onneted to a 2 E = A lokwise and the latter going around the blak node





(a) for all a 2 A.
A small yle on a quiver oming from a dimer model is the produt of arrows
surrounding only a single node of the dimer model. A path p is said to be minimal if it
is not equivalent to a path ontaining a small yle. A path p is said to be minimum if
any path from s(p) to t(p) homotopi to p is equivalent to the produt of p and a power
of a small yle. For a pair of verties of the quiver, a minimum path from one vertex
to another may not exist, and will always be minimal when it exists.
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Small yles starting from a xed vertex are equivalent to eah other. Hene the
sum ! of small yles over the set of verties is a well-dened element of the path




starting from the soure s(a)






If follows that ! belongs to the enter of the path algebra, and there is the universal
map
C   ! C  [!
 1
℄
into the loalization of the path algebra by the multipliative subset generated by !.
Two paths a and b are said to be weakly equivalent if they are mapped to the same
element in C  [!
 1




in C  . Note that
the following holds for the paths of the quiver.
Lemma 2.1. For two paths a and b with the same soure and target, the follow-
ing are equivalent.
 a and b are homotopy equivalent.









; b) is a weakly equivalent
pair.
For example, the paths p and q shown in Figure 1 are weakly equivalent, but not




Figure 1. A pair of weakly equivalent paths whih are not equivalent
A perfet mathing (or a dimer onguration) on a biolored graph G = (B;W;E)
is a subset D of E suh that for any node v 2 B [W , there is a unique edge e 2 D
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onneted to v. A dimer model is said to be non-degenerate if for any edge e 2 E, there
is a perfet mathing D suh that e 2 D.
A zigzag path is a path on a dimer model whih makes a maximum turn to the
right on a white node and to the left on a blak node. Note that it is not a path on a
quiver. We assume that a zigzag path does not have an endpoint, so that we an regard
a zigzag path as a sequene (e
i
) of edges e
i
parameterized by i 2 Z, up to translations
of i. Figure 2 shows an example of a part of a dimer model and a zigzag path on it.
Figure 2. A zigzag path
As an example, onsider the dimer model in Figure 3. The orresponding quiver is
shown in Figure 4, whose relations are given by
I = (db  bd; da  ad; adb  bda; ab  ba):
This dimer model is non-degenerate, and has four perfet mathings D
0




We end this setion with the following lemma:
Lemma 2.2. Assume that a dimer model has a perfet mathing D. Then for
any path p on the quiver, there are another path q and a non-negative integer k suh
that p is equivalent to q!
k
and q is not equivalent to a path ontaining a small yle.
Proof. Consider the number of times the path p rosses D. Then this is a non-
negative integer whih dereases by one as one removes a small yle from the path.









Figure 4. The orresponding quiver









Figure 5. Four perfet mathings
The statement of Lemma 2.2 an be false if there is no perfet mathing: Figure
6 shows an example of a dimer model without any perfet mathing, whih we learned







ad(bd)(bd) =    ;







Figure 6. A dimer model without any perfet mathing
x 3. Consisteny onditions for dimer models
The following notion is due to DuÆn [5℄ and Merat [18℄:
Denition 3.1. A dimer model is isoradial if one an hoose an embedding of
the graph into the torus so that every fae of the graph is a polygon insribed in a irle
of a xed radius with respet to a at metri on the torus. Here, the irumenter of
any fae must be ontained in the fae.
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A dimer model is isoradial if and only if zigzag paths behave like straight lines:
Theorem 3.2 (Kenyon and Shlenker [16, Theorem 5.1℄). A dimer model is iso-
radial if and only if the following onditions are satised:
1. Every zigzag path is a simple losed urve.
2. The lift of any pair of zigzag paths to the universal over of the torus share at most
one edge.
The following ondition is introdued by Mozgovoy and Reineke:
Denition 3.3 ([19, Condition 4.12℄). A dimer model is said to satisfy the rst
onsisteny ondition if weakly equivalent paths are equivalent.
We regard a zigzag path on the universal over as a sequene (e
i
) of edges e
i
parameterized by i 2 Z, up to translations of i.
Denition 3.4. Let z = (e
i
) and w = (f
i
) be two zigzag paths on the universal




suh that if u; v are




respetively, then u  v 2 2Z. In













is ounted as a single intersetion. We say that z has a self-intersetion if there is a pair








are opposite, and u v 2 2Z









are divalent. Aording to this denition, there are ases where z and w have a
ommon nodes or ommon edges, but they do not interset as shown in Figure 7. The
assumption u  v 2 2Z is needed to remove the eet of a divalent node; if there is no
divalent node, then a pair of zigzag paths interset if and only if they have a ommon
edge.
Figure 7. Examples of an intersetion (left) and a non-intersetion (right)
The following ondition is slightly weaker than isoradiality, and easy to hek in
examples:
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Denition 3.5. A dimer model is said to be onsistent if
 there is no homologially trivial zigzag path,
 no zigzag path has a self-intersetion on the universal over, and
 no pair of zigzag paths interset eah other on the universal over in the same
diretion more than one.
Here, the third ondition means that if a pair (z; w) of zigzag paths has two inter-
setions a and b and the zigzag path z points from a to b, then the other zigzag path w
must point from b to a.
Figure 8. A homologially trivial zigzag
path
Figure 9. An inonsistent dimer model
Figure 10. A pair of zigzag paths in the same diretion interseting twie
Figure 8 shows a part of an inonsistent dimer model whih ontains a homologially
trivial zigzag path. Figure 9 shows an inonsistent dimer model, whih ontains a pair
of zigzag paths interseting in the same diretion twie as in Figure 10.
On the other hand, a pair of zigzag paths going in the opposite diretion may
interset twie in a onsistent dimer model. Figure 12 shows a pair of suh zigzag paths
on a onsistent dimer model in Figure 11.
To obtain a riterion for the minimality of a path, we disuss the intersetion of a
path of the quiver and a zigzag path. Note that paths of the quiver and zigzag paths
A note on onsisteny onditions on dimer models 9
Figure 11. A onsistent non-isoradial dimer model
Figure 12. A pair of zigzag paths in the opposite diretion interseting twie
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are both regarded as sequenes of arrows of the quiver, where the former are nite and
the latter are innite.




: : : be a path of the quiver (a
i










2 A = E, satisfying the following ondition: If u; v denote the maximum













) is ounted as a single intersetion.
Figure 13 shows an example of a non-intersetion; the path shown in dark gray
does not interset the zigzag path shown in light gray. Note that the dark gray path is
equivalent to the dashed path, whih does not have a ommon edge (or an arrow) with
the light gray path.
Figure 13. An example of a non-intersetion
The following lemma is obvious from the denition of the equivalene relations of
paths:
Lemma 3.7. Let z be a zigzag path on the universal over. Suppose that a path
p
0
is obtained from another path p by replaing p
+
(a)  p with p
 
(a) or the other way





(a)a is a part of p, then there is a natural bijetion between the
intersetions of z and p and those of z and p
0
. If a is not a part of p, then this bijetion





(a)a are small yles, the rst half of Lemma 3.7 immediately
gives the following:
Corollary 3.8. A minimal path whih does not interset a zigzag path z annot
be equivalent to a path interseting z.
Lemma 3.7 also gives the following:
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Corollary 3.9. Let p be a path of the quiver. If there is no zigzag path that
intersets p more than one in the same diretion on the universal over, then p is
minimal.
Proof. Assume that there is no zigzag path that intersets p more than one in





(a), then one of two zig-zag paths ontaining the edge orresponding to a intersets p





(a) for an arrow a, then p does not ontain a. Let p
0
be a path related to p







also satises the assumption and hene does not ontain a small yle.
By repeating this argument, we an see that if a path is equivalent to p, then it does
not ontain a small yle.
The following lemma shows that the onsisteny ondition implies the rst onsis-
teny ondition of Mozgovoy and Reineke:
Lemma 3.10. If weak equivalene does not imply equivalene, then the dimer
model is not onsistent.
Proof. Assume for ontradition that a onsistent dimer model has a pair of weakly
equivalent paths whih are not equivalent. Then there is a pair (a; b) of paths on the
universaly over suh that




; b) is weakly equivalent
but not equivalent.
 If one of a and b ontains loops, then it is a loop and the other one is a trivial path.
 a and b meet only at the endpoints.
Choose one of suh pairs, without xing the endpoints, so that the area bounded by a
and b is minimal with respet to the inlusion relation.
Figure 14 shows a pair (a; b) of suh paths. We may assume that a is a non-




be the soure and the target of a respetively. To show
the inonsisteny of the dimer model, onsider the zigzag path z whih starts from the
white node just on the right of the rst arrow in the path a as shown in light gray in
Figure 14.
We show that if z rosses a, then it ontradits the minimality of the area. Assume
that z rosses a, and onsider the path  whih goes along z as in Figure 14. Sine z
rosses a, the path  also rosses a. Let v
3
be the vertex where a and  intersets, and






































will be denoted by d as in Figure 15.
If there is a zigzag path w whih intersets 
0
more than one in the same diretion,
then w also intersets z more than one in the same diretion, whih ontradits the
assumption that the dimer model is onsistent. Hene no zigzag path intersets 
0
more
than one in the same diretion, so that 
0
is minimal by Corollary 3.9.
Suppose d
0
is dierent from b. Then by the minimality of the area and the min-
imality of 
0
, there are non-negative integers i and j suh that a
0



















) is an equivalent pair, whih ontradits the assumption. If d
0
oinides
with b, then b is equivalent to a path that goes along the opposite side of z as in Figure










Figure 16. A path equivalent to d
0
Hene the zigzag path z annot ross the path a. In the same way, the dashed gray
zigzag path in Figure 14 annot ross the path b. It follows that if we extend these two
zigzag paths in both diretions, then they will interset in the same diretion more than
one or have a self-intersetion. This ontradits the onsisteny of the dimer model,
and Lemma 3.10 is proved.
Lemma 3.11. For a path p in a onsistent dimer model, the following are equiv-
alent:
1. p is minimal.
2. p is minimum.
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3. There is no zigzag path that intersets p more than one in the same diretion on
the universal over.
Proof. It is lear that 2 implies 1. To show the onverse, take a minimal path




; q) is weakly
equivalent, hene equivalent. By the minimality of p, p!
i
is equivalent to q, whih
means p is minimum.
Corollary 3.9 states that 3 implies 1. To show the onverse, suppose there is a




be arrows on the intersetion of z and p suh that









not meet eah other. Let p
0









) whih is parallel to z. Sine q is minimal by Corollary 3.9, it is minimum
and there is an integer i  0 suh that p
0




is also minimal, i
must be zero and therefore p
0
is equivalent to q. This ontradits Lemma 3.7 and thus
p is not minimal.
The following lemmas show that the rst onsisteny ondition of Mozgovoy and
Reineke together with the existene of a perfet mathing implies the onsisteny on-
dition:
Lemma 3.12. Assume that a dimer model has a perfet mathing and a pair
of zigzag paths interseting in the same diretion twie on the universal over, none of
whih has a self-intersetion. Then there is a pair of inequivalent paths whih are weakly
equivalent.
Proof. For a pair (z; w) of zigzag paths interseting in the same diretion twie
on the universal over, onsider the pair (a; b) of paths as shown in dark gray in Figure
17. Our assumption that w does not have a self-intersetion implies that a does not
interset w. We laim that there is a minimal path a
0
whih does not interset w suh




for some k 2 N . The existene of suh a
0
and k follows from Corollary
3.8 and the existene of a perfet mathing: A perfet mathing intersets a in a nite
number of points, and the number of intersetion dereases by one as one fators out a
small yle. Hene the proess of
 deforming the path without letting it interset w (Lemma 3.7), and
 fatoring out a small yle if any
must terminate in nite steps. Moreover, the resulting path a
0
annot be equivalent to a










interset z and w respetively









Figure 17. A pair of inequivalent paths whih are weakly equivalent












) for some non-negative integer
i gives a pair of weakly equivalent paths whih are not equivalent.
Lemma 3.13. Assume that a dimer model has a perfet mathing and a zigzag
path with a self-intersetion on the universal over. Then there is a pair of inequivalent
paths whih are weakly equivalent.











be a loop in z, where z has a self-intersetion at e
0
and does not have
any self-intersetion in (e
1
; : : : ; e
n
). The union of the edges e
1



















whih goes along z. The edge e
0





. We show that the path e
0
is minimal, and






whih is not equivalent to e
0
, or
 there is a non-trivial yli path whih is not equivalent to any positive power of a
small yle.
In the latter ase, sine we are working on the universal over, this yli path is
homologially trivial, and the pair onsisting of this yli path and a suitable power















Figure 18. A pair of inequivalent paths
whih are weakly equivalent
Figure 19. Homologially trivial zigzag path
and a yli path on the quiver
of a small yle gives a pair of inequivalent paths whih are weakly equivalent. In the



























To obtain a minimal path from b, we rst remove as many small yles from b as
possible without making it interset C. This proess terminates in nite steps just as in
the proof of Lemma 3.12. The resulting path b
1
may not be minimal yet sine it might
allow a deformation rst to a path interseting C and then to a path ontaining small















(a) (or the other way around, depending on the olor




) for a single arrow a. Sine C is a part of a zigzag path, it follows,
from the denitions of a zigzag path and the equivalene of paths just as in Lemma
3.7, that the arrow a must be e
0
. (Lemma 3.7 roughly states that one needs a small
yle to deform a path aross a zigzag path. Sine b
1
does not ontain a small yle,
the only way to deform it aross C is to deform it by the equivalene relation at e
0
.
Unfortunately, one annot apply Lemma 3.7 diretly in the present situation sine C




























. At least one of them (say, ) is not
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nC. Take a perfet mathing D and ount the number
j \Dj of edges of D whih meet the path .






)d is a non-trivial yli path
on the quiver whih does not meet D at all. Note that for any given perfet mathing,
equivalent paths have the same numbers of arrows meeting that perfet mathing. Sine





annot be equivalent to any positive power of a small yle.
If the number j \Dj is smaller than jb
1
\Dj, then we set b
2
=  and repeat this














is not equivalent to a path ontaining a small yle, so that b
0
is minimal,
or a yli path whih is not equivalent to any positive power of a small yle.
To show that the path e
0
is minimal, note that the arrow e
0
an be equivalent to
another path only if the edge e
0
is the rst of several onseutive edges onneted by
divalent nodes. Sine z has a self-intersetion at e
0
, the number of onseutive edges
onneted by divalent nodes must be odd and e
0
an be equivalent only to arrows. This
shows that the path e
0
is minimal.
It is lear that b
0





, and Lemma 3.13 is proved.
The following lemma an be shown in an analogous way:
Lemma 3.14. Assume that a dimer model has a perfet mathing and a zigzag
path with the trivial homology lass, then there is a yli path on the quiver whih is
weakly equivalent to some power of a small yle but not equivalent.
Indeed, onsider the path whih goes around the zigzag path, and fator out all
the possible small yles. Then one ends up with a path weakly equivalent to a power
of a small yle but not equivalent to it.
For example, the path on the quiver shown in Figure 19 is weakly equivalent to a
small yle as shown in Figure 20, although it is not equivalent; if we all the idempotent
element in the path algebra orresponding to the top-left vertex and the path shown in
Figure 19 starting from the top-left vertex as e and p respetively, then one has p 6= e!
and p! = e!
2
:
x 4. Properly-ordered dimer models
For a node in a dimer model, the set of zigzag paths going through the edges
adjaent to it has a natural yli ordering given by the diretions of the outgoing paths
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Figure 20. Deforming a path on the quiver
from the node. On the other hand, the homology lasses of these zigzag paths determine
another yli ordering if these lasses are distint.
Denition 4.1 (Gulotta [10, setion 3.1℄). A dimer model is properly ordered if
1. there is no homologially trivial zigzag path,
2. no zigzag path has a self-intersetion on the universal over,
3. no pair of zigzag paths in the same homology lass have a ommon node, and
4. for any node of the dimer model, the yli order on the set of zigzag paths going
through that node oinides with the yli order determined by their homology
lasses.




is identied with Z
2
in a natural










where (u; v) 2 Z
2
is the homology lass of the zigzag path. The lak of a self-intersetion
implies that (u; v) is a primitive element, so that a set of zigzag paths with distint
homology lasses has a well-dened ounter-lokwise yli order.
A onsistent dimer model is properly ordered:
Lemma 4.2. In a onsistent dimer model, the yli order of the zigzag paths








be a triple of zigzag paths passing through a node of the
dimer model along neighboring edges at the node whose yli order around the node
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does not respet the yli order determined by their slopes. Then two of them must
interset more than one in the same diretion on the universal over.
The onverse is also true:
Lemma 4.3. A properly-ordered dimer model is onsistent.













of zigzag paths interseting in the same diretion more




; : : :)
of zigzag paths on the universal over with distint slopes, whih ontradits the nite-









































































Although a last intersetion may not be unique, and not all last intersetions may




interset in the same
diretion more than one implies the existene of at least one last intersetion having
the seond last intersetion.
Figure 21 shows a part of a pair of zigzag paths near a last and the seond last
intersetions. We have suppresed the rest of the paths, whih may also interset this









at the last intersetion is white as in Figure 22. Although the seond last
intersetion in this gure may be the one along z
2
instead of the one along z
1
, this does
not aet the disussion below.






as the one going in the diretion
opposite to z
2







































;    ). Sine the






have this yli order.
The slope of a zigzag path determines the asymptoti behavior of the zigzag path






must have this yli
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bending over to the right
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Shemati pitures of examples of the former ase and the latter ase are shown in




























in the same diretion more than one, and one an nd a pair of a last and
the seond last intersetion as in Figure 21, where the solid arrow represents z
1
and the
gray arrow represents z
3
this time. Now we an repeat the same argument to obtain
another zigzag path z
4
suh that















in the same diretion more than one.
In the latter ase, the lak of self-intersetion of zigzag paths in a properly-ordered














of the zigzag path z
2
, and one an nd a pair of a last and the seond last
intersetions as in Figure 21, where the solid arrow represents z
3
and the gray arrow
represents z
2



















in the same diretion more than one.
In both ases, we obtain a zigzag path z
4
whose slope is dierent from the slope











; : : :) of zigzag paths with distint slopes, and Lemma 4.3 is proved.
By ombining Lemma 4.2 with Lemma 4.3, one obtains the equivalene between
onsisteny ondition in Denition 3.5 and Gulotta's ondition:
Proposition 4.4. A dimer model is onsistent if and only if it is properly-
ordered.
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